The Darboux transformation (DT) method is studied in a lot of local equations, but there are few of work to solve nonlocal equations by DT. In this letter, we solve the nonlocal nonlinear Schrӧdinger equation (NNLSE) with the self-induced PT-symmetric potential by DT. Then the N-fold DT of NNLSE is derived with the help of the gauge transformation between the Lax pairs. Then we derive some novel exact solutions including the bright soliton, breather wave soliton. In particularly, the dynamic features of one-soliton, two-soliton, three-soliton solutions and the elastic interactions between the two solitons are displayed.
Introduction
The Schrӧdinger (NLS) equation is second-order differential equation of combining material waves and waves, which can be used to describe the optical pulse in the dispersion. The nonlinear Schrӧdinger equation can discuss many problems, such as one-dimensional self-modulation of monochromatic, self trapping phenomena in nonlinear optics, thermal pulse propagation in solids, the laser beam in atomic Bose-Einstein condensation effect, etc. In a local nonlinear me-not only affects the refractive index of the point, but also affects the refractive index of the medium around a certain range. In many natural phenomena, nonlocality is a universal phenomenon. Some theoretical analysis and numerical simulation show that the nonlocality can eliminate the collapse of the wave and greatly improve the interaction between the dark solitons. Under a single response limit, the interaction between waves and media is often described by nonlocal nonlinear Schrӧdinger equation. This equation has been widely used in various fields of nonlinear physics. Spatial soliton in nonlocal nonlinear media has been paid attention to because of its rich characteristics and important potential application value in nonlocal media. In 2013, Ablowitz and Musslimani proposed PT-symmetric nonlocal nonlinear Schrӧdinger (NNLS) equation [1] [2] [3], and gave the dark and anti-dark soliton interaction by using the Darboux transformation (DT) method [4] [5] [6] .
Soliton theory becomes one of the main theories for studying nonlinear equation, and it also produces various methods to solve soliton equations, such as the inverse scattering method [7] [8] [9] , the nonlinear method [10] [11], Hirota bilinear method [12] [13] , the homogeneous balance method [14] [15] , Bäcklund transformation method [16] [17] , DT method [18] [19] , etc. For example, the relevant problems of Sine-Gordon equation and pseudo spherical DT have already appeared in [20] , it obtains the exact solution of soliton equation from the trivial solution, and it is a very effective method. Gu Chaohao proposed the reversibility of the DT [21] . Fan Engui obtained exact solutions of G-I equation by DT [22] . The DT method analytic representation of the K-E equation is constructed by Qiu Deqin. Some discrete rogue-wave solutions with dispersion in parity-time symmetric potential of Ablowitz-Musslimani equation are derived in [23] . Some bright, dark and breather wave soliton solutions of the super-integrable hierarchy are derived using DT [24] . The non-autonomous multi-rogue wave solutions in a spin-1 coupled nonlinear Gross-Pitaevskii equation with varying dispersions, higher nonlinearities, gain/loss and external potentials are investigated in [25] . Several non-autonomous matter-wave solitons of the generalized three-coupled Gross-Pitaevskii equations are obtained in [26] . The non-autonomous discrete vector bright-dark solutions and their controllable behaviors in the coupled Ablowitz-Ladik equation with variable coefficients are considered in [27] . The Darboux transformation method with 4 × 4 spectral problem is applied to a specific equation and then the explicit solutions of the lattice integrable coupling equation are obtained in [28] .
In this paper, we construct N-times DT for NNLS equation with DT method, and obtain n-soliton solutions. In addition, the n-soliton solutions can be reduced to 1, 2, or 3-soliton solutions and some parameters are zero. We derive some novel exact solutions including the bright soliton, breather wave soliton. In particularly, the dynamic features of one-soliton, two-soliton, three-soliton solutions and the elastic interactions between the two solitons are displayed.
The rest of this paper is organized as follows. In Section 2, we construct the Journal of Applied Mathematics and Physics Darboux transformation for nonlocal nonlinear Schrӧdinger equation. In Section 3, we give the first-second-and third-order explicit solutions for the nonlocal nonlinear Schrӧdinger equation. Finally, we give some conclusions.
Darboux Transformation for Nonlocal Nonlinear Schrӧdinger Equation
Recently, a novel nonlocal nonlinear Schrӧdinger (NNLS) equation with the self-induced PT-symmetric potential is presented in the form,
where the subscript denotes the partial derivative in regard to the variables, the star stands for the complex conjugation. The Lax pairs for Equation (1) can be represented in the form
and
here ( )
are potential functions of x and t, λ is a spectral parameter,
is a column vector solution of Eqs. (2) and (3) associated with an eigenvalue λ and
The aim of this section is to construct DT for NNLS Equations (2) and (3), which are satisfied with the 2 × 2 matrix transformation of ϕ, U  and V  . In the following, we construct the N-fold DT and introduce a gauge transformation T of NNLS equation: 11 12 21 22 , .
The lower form is obtained by compatibility
If the , U V   and , U V have the same types, the system (4) is called Darboux transformation of the NNLS equation. Let ( )
two basic solutions of the systems (2) and (3), then we give the following linear algebraic systems: ,0 2
where j λ and
ate parameters, thus the determinants of coefficients for Equation (7) are nonzero. Hereby, we take a 2 × 2 matrix T as 
where N is a natural number, the ( )
is the function of x and t. Through calculations, we can obtain T ∆ as following
which proves that
Based on these conditions, we will proof that the U  and V  have the same structures as U and V, respectively. Proposition 1. The matrix U  defined by (5) has the same type as U, that is,
in which the transformation formulae between old and new potentials are defined by
the transformations (12) are used to get a Darboux transformation of the spectral problem (5).
Proof. Let
it is easy to verify that
Through some accurate calculations,
Thus, Equation (13) has the following structure
where ( 
satisfy the functions without λ. Equation (14) can be rewritten as
(
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Through comparing the coefficients of λ in Equation (16), we can obtain 
.
In the following section, we assume that the new matrix U  has the same type with U, which means that they have the same structures only ( )
After careful calculation, we compare the ranks of N λ , and get the objective equations as following:
from Equations (11) and (12), we know that ( )
Proposition 2. The matrix V  defined by the second expression of (6) has the same form as V, in which the old potentials q and * q are mapped into q  and
Proof. We suppose the new matrix V  also has the same form with V . If we obtain the similar relations between ( )
in Equation (12), we can prove that the gauge transformations under T turn the Lax pairs , U V into new Lax pairs , U V   with the same types.
It is easy to verify that
are N+1-order or N+2-order polynomials in λ. 
and ( ) ( ) 
Through comparing the coefficients of λ in Equation (23), we get the objective equations as following: 
In the above section, we assume the new matrix V  has the same type with V, which means they have the same structures only ( ) (12) and (19), we know that
. The proof is completed. The transformation matrix T of the nonlocal equation is difficult to construct in making DT, while the transformation matrix T of the local equation is relatively simple.
Explicit Solutions for the Nonlocal Nonlinear Schrӧdinger Equation
In this section, we will give some novel explicit solutions of Equation (1) by applying the N-fold DT. Firstly, we give a set of seed solutions 0 q = and substitute the solution into Equations (2) and (3), it is easy to find two basic solutions for these equations: 
By using Equations (25) and (8), we obtain In order to the expression of N-order DT of Equation (1) 
Solving Equation (7) via the Gramer's rule, we have 12 21 ,
with ( ) 2  2  1  1  1  1  1  1  1  1  1   2  2  2  2  2  2  2  2  2  2  2  2   2  2  2  2  2  2  2  2  2  2  2  2   2  2  2  2  1  1  1  1  1   2  2  2  2  1  2  2  2  2  21   2  2  2  2  1  2  2  2 Based on Equations (8) and (26), we can obtain the following systems ( ) ( ) ( ) ( ) 12 21 12 21 ,
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Using Equations (4), (18) and (29) . Solving (7), we can yield, 
i t F x i t F x i t F x i t F x i t F x i t
2) We take N = 2 in the N-times DT with
. The linear algebraic system (7) lead to the following solutions, 
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In this way, the nonlocal three-soliton solutions of NNLS Equation (1) are obtained as below: which are novel soliton solutions including the bright soliton, breather wave soliton. The three-soliton solutions of NNLS Equation (1) are different from the previous works. Figures 1-3 exhibit the exact one-, two-and three-soliton solutions of NNLS Equation (1) . Figure 2 shows the interactions among two solitons with different amplitudes for solution (38) . Figure 3 shows the collision interactions among three-solitons with different amplitudes for solution (41). The structure of the nonlocal solution is richer than structure of the local solution, for example the (b) in Figure 1 does not appear in the local area, etc.
Conclusion
In this paper, we have constructed DT for a new NNLS equation with the self-induced PT-symmetric potential. Selecting the appropriate parameters, we give the expressions of N-soliton solutions, and give 1-, 2-and 3-order soliton solutions. By solving the NNLS equation, we find that it is quite different from the solution of the nonlinear local NLS equation. Moreover, we also study the Journal of Applied Mathematics and Physics dynamical behaviors of these solutions. These results can explain some physical phenomena. The method is also appropriate for some other nonlinear nonlocal soliton equations in physics and mathematics. In the future work, we want to consider the initial solution besides zero, and try to obtain the DT of the coupled nonlocal equation.
